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A band-type alternating pattern of acidic and alkaline regions formed along the Characean cell wall IS discussed theoretically. The 
model system is constructed from linear diffusion equations for the concentration of H ’ outside the internode and in the protoplasm. 
The plasmalemma is taken as a boundary transporting Ht under energy supply by light. The sizes of the protoplasm and 
extracellular water phase are taken into account explicitly in the present model system to reproduce qualitatively the characteristics 
observed in various types of experiments. Theoretical analysis shows that the band pattern belongs to dissipative structures emerging 
far from equilibrium, and is stabilized through the electric current loops produced by locally activated electrogenic H + pumps and 
spatially separated passive H + influx (or OH- efflux) across the membrane. Both the numerical calculation and the theoretical 
analysis using a generalized time-dependent Ginzburg-Landau equation reveal the following pomts: (i) the internodal cell with a 
larger vacuole in a smaller size of the extracellular water phase tends to exhibit a clearer band pattern; (Ii) the increase in viscosity of 
the external aqueous medium makes the bands appear more easily and, furthermore, distinctly; (iii) the change in size of the 
extracellular water phase significantly affects the kinetics of the pattern-formation process. These results are interpreted reasonably 

by taking account of the electric current circulating between the acidic and alkaline regions. 

1. Introduction 

Characean species such as Nitella and Chara 

develop acidic and alkaline regions along their cell 
walls under illumination. The electric properties 
such as the electric potential near the cell wall, 
membrane potential and membrane conductance 
also show similar spatial patterns [l-S]. A light 
intensity exceeding some threshold value is neces- 
sary for the appearance of patterns. H+ efflux (or 
equivalent OH- influx) occurs in the acidic zones 
with H+ influx (or OH- efflux) in the alkaline 
zones. An electric current composed of H’, there- 
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fore, may flow from the acidic to alkaline zones 
subject to the electrochemical gradient. Although 
the band pattern of these regions exists stably 
under normal conditions, it can sometimes be 
altered when the ammonia, methylamine or CaCO, 
concentration is changed, or when cyclosis is in- 
hibited [6,7]. These facts may suggest that the 
spatial pattern is brought about by the localized 
activation of H+-ATPase molecules playing the 
role of H+ pumps distributed homogeneously 
within the cell membrane. 

Recently, Toko and Yamafuji [S-lo] proposed 
a theoretical model for explaining the banding 
phenomena in Characean cells. It was revealed 
that the band belongs to a dissipative structure 
appearing far from equilibrium [ll]: The alternat- 
ing acidic and alkaline regions are stabilized 
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through the electric current loops produced by the 
locally activated f-I+ pumps associated with spa- 
tially separated passive H ’ influx (or OH- efflux) 
across the membrane. The banding state, where a 
longitudinal axial symmetry is broken with the 
circumferential symmetry being retained, was 
shown to be characteristic of an ion-transport 
system with a cylindrical shape. We can therefore 
term this new state appearing under illumination 
an ‘electric dissipative structure’ in the sense that 
it is accompanied by a circulating electric current 
around the cell or cells. According to this conclu- 
sion, we performed experiments in a unicellular 
system such as Acetabuluria and a multicellular 
system like bean root [9,10,12]. As expected [13], 
periodic localization of chloroplasts in the form of 
transverse bands was found in the stalk of 
Acetubuluria in Ca2+-rich seawater. Furthermore, 
banding of pH and electric potential near the 
surface was observed in azuki beans (Phaseolus 

chrysanthos). 

The model proposed previously [8] could de- 
scribe well many typical tendencies of the observed 
data in Characean intemodal cells, i.e., the ap- 
pearance of bands beyond the critical light inten- 
sity, greater numbers of bands for higher light 
intensity, an M-shaped flux pattern at the mem- 
brane, etc. Furthermore, the high pH value in the 
alkaline regions was explained by considering the 
H+ circulation due to H+ pumps and passive 
influx without assuming the existence of OH- 
pumps. In the present paper, we describe the other 
basic quantitative data such as the light intensity 
and diffusion constant of the extracellular medium, 
including the pH values. 

Another purpose of the present work is also to 
stress the nonequilibrium properties of the band- 
ing: The system concerned exhibits an electric 
current circuit in the cytoplasm and the external 
aqueous solution [2,8-lo]. This may enable us to 
expect that the changes in volumes of these re- 
gions can significantly affect the typical properties 
in banding phenomena, since the flow pattern can 
be markedly altered. So far, however, no study has 
been made concerning the effect of the volume of 
the reservoir containing the cell, i.e., that of the 
extracellular water phase on the banding. This 
may originate partly from the lack of recognition 

that the bands are rather a dynamic structure 
corresponding to a self-organized state, existing 
under far-from-equilibrium conditions. In the pre- 
sent paper, therefore, we adopt a slightly modified 
model in which the sizes of the extracellular water 
phase and vacuole are taken into account ex- 
plicitly. Properties such as alkalinization and the 
dynamics of pattern formation are studied based 
on this model. The experimental results obtained 
using a water-film electrode [4,5] on the kinetics of 
band formation are described in the accompany- 
ing paper [14]. 

2. A theoretical model 

Fig. 1 illustrates a situation where a Characean 
internode exhibits a band-type flux pattern under 
illumination. A model system is shown in fig. 2a: 
An internode of radius R lies between z = L, and 
L, surrounded by the external aqueous solution, 
the size being given by radius R, and length L,. 

The vacuole occupies the region 0 $ r 5 R, and 
L,, 2 z 5 L,,. Since the band pattern can appear 
prior to any pattern with breaking of circumferen- 
tial symmetry [93, the angular dependence is not 
taken into account here. The protoplasm exists in 
the slit bounded by r = R v and r = R containing 
the region L, 2 z 5 L,, and L,, szj L,. We as- 
sume Hf circulation occurs in the protoplasm and 
the external medium. 

2.1. Diffusion equation and H + flux 

If the H+ concentration is represented by 
n(r, z, t) with t denoting the time, the diffusion 
equations in the external environment and the 
protoplasm are given by 

where 0, and Di are the diffusion constants of 
protons in the external solution and protoplasm, 
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Fig. 1. Schematic illustration of Characean banding accompa- 
nied by a circulating electric current. 

respectively. A nonlinear driving term caused by 
the electric potential gradient is omitted in eq. 1 
because of its negligibly small value [8,9,15]. This 
term is also disregarded below for the same rea- 
son. All quantities appearing in eq. 1 and also 
introduced hereafter are normalized as nondimen- 
sional (see appendix A). 

Let us next provide expressions for an active 
flux, .I,, and a passive flux, Jp. The active flux J, 
may originate in the activation of Hf-ATPase 
molecules within the membrane at r = R; we adopt 
the following nonlinear function of internal vari- 
ables h and An based on a statistical average [8]: 

(2) 

a 
r 

L2~ L2 Lr 

with the numerical coefficient (Y denoting the max- 

imum active-flux density of protons when all H+- 
ATPase molecules are activated. Another numeri- 
cal coefficient l/y represents the sharpness of the 
sigmoid curve as an increasing function of An. 

The proton concentration difference across the 
membrane An( z, 1) is defined by 

An = nes - n,,, 

with nes and ni, denoting the values of the H+ 
concentration n( z, Y, t) at the external (r = R + 0) 
and internal (r = R ~ 0) surfaces of plasmalemma, 
respectively. The sign of the flux is taken as plus 
for efflux. Eq. 2 implies the favourable activation 
of Hf-ATPase via the formation of an H+-con- 
centration difference. This is a kind of positive- 
feedback process, since the activation can build up 
the H+-concentration difference, The existence of 
a positive-feedback route through HCO; produc- 
tion is really indicated from a few experiments 
[16]. Furthermore, it may be possible that photo- 
synthesis is activated more by the CO, influx at 
the acidic region, which leads to ATP production 
for the activation of H* pumps. 

The internal variable h expresses an inhibitory 
factor for the pump activation: increasing h brings 
about a decrease in J,. We assume that h is a 
function of the light intensity alone, independent 

b 
r 

OiZ 

Fig. 2. Spatial coordinates for numerical calculation (a) and theoretical analysis (b). The reservoir size R, and vacuole size R y can be 
changeable. R = 0.85, L = L, ~ L, = 50, L, = 60 and L, = L,, ~ L,, = 49. Since the normalized factor k is chosen as 0.05 cm, the 
above values imply an internodal cell of radius 0.425 mm and length 25 mm, which corresponds to the usual cell prepared for 

measurements. 
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of the spatial coordinates. ADP molecules act 
inhibitorily on the pump [17], and hence one 
candidate for the inhibitory factor may be consid- 
ered as being ADP. 

The present system is very far from equilibrium 
because of the continuous supply of light energy. 
While light may produce ATP as an energy source 
for H+ pumps through complex chemical reac- 
tions with many steps, the detailed mechanism has 
not yet been clarified. At the present stage, there- 
fore, we assume a simple relationship between the 
light intensity I and the inhibitory factor h, If the 
average active flux JaT is defined by 

(4) 

then JaT is expected to increase with the light 
intensity J as 

where a is a numerical constant. The saturation 
effect of J,“ is disregarded for much greater light 
intensity, since we are now interested in the behav- 
ior of a system where the patterned state has 
appeared as a consequence of the instability of the 
homogeneous-flux state with increasing light in- 
tensity. Eq. 5 states that the illumination with 
light activates H+ efflux on average. As shown 
later, eq. 5 demonstrates the tendency of h de- 
creasing when I is increased; this is reasonable 
because h concerns the inhibitory factor and light 
induces spatial inhomogeneity of the electric CUJ- 

rent through the activation of H+-ATPase. 
As for the passive flux Jp, we adopt the linear 

relation: 

Jr = -pAn, 

where p denotes the permeability. 

(6) 

We must point out that J* is not necessarily a 
nonlinear function as given by eq. 2 but that the 
total flux J, + J, only has to show a nonlinear 
property. In fact, this kind of nonlinearity can be 
expected from the following suggestion [5,18]. The 
high pH is maintained by H+ influx in the al- 
kaline regions, which in itself is promoted by the 
high pH since the membrane in this state is highly 
permeable to HC (or OH-). In this case, Jr, may 

become rather nonlinear. However, the usual mod- 
ification of J, along this line is mathematically 
equivalent to the present eqs. 2 and 6, since a 
similar type of nonlinearity is only added in the 
present system. 

2.2. Boundary conditions 

The boundary condition on the cell membrane 
at r = R is given by the flux continuity across the 
membrane as 

-Q(2).= -D,($)$=J,tJrat r=R, 

(7) 

where (an,/&), and (an,/&-), designate the de- 
rivatives of n(r,z,t) at the exterior (r= R + 0) 
and interior (r = R - 0) surfaces of the membrane, 
respectively. 

The two ends of the cell are reasonably de- 
scribed as poorly permeable to H+, since the 
boundary condition at the ends scarcely affects 
band formation [8], as has also been suggested 
experimentally [4]. Thus, we have 

&z/&=Oat z=L, and L,,Osr<R. _ (8a) 

The length of cell is 

L=L,-L,. (9) 

The condition at the tonoplast is assumed as 
that pertaining to no flux: 

an/& = 0 at r = R,, L,, 5 2 5 Lz,, 

an/& = 0 at z = L,, and Lz,, 0 5 r 5 R,. (8b) 

This may be somewhat crude, but it is necessary 
to put forward this condition as being one of the 
plausible conditions for the moment, since there 
exist no reliable data on the permeability of the 
tonoplast to Ht. It is well known in many plant 
species [19] that Hf-ATPase is contained in the 
tonoplast. The first step of acid/alkali pattern 
formation may originate in ion transport at the 
plasmalemma, as suggested from experimental 
data on the electric properties [l-7,14,18]. There- 
fore, HC transport across the tonoplast may act as 
a controllable factor of cellular homeostasis in- 
cluding energy coupling. This problem connected 
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with the spatial electric pattern is important and 
interesting, but will not be pursued further here; a 
theoretical description of Hf transport at the 
plasmalemma with diffusion in the extracellular 
and intracellular spaces is made. Eq. 8b implies 
that H+ may flow parallel to the tonoplast. It may 
not contradict the observation that protoplasmic 
streaming plays an important role in the bands [7], 
since the streaming in fact occurs parallel to the 
tonoplast. In our model the effect of vacuole size 
is incorporated purely in a physical way, i.e., the 
change in R,, for which the boundary condition 
eq. 8b holds. The electric current can thus flow in 
the narrow region limited by R v and R. 

The boundary condition for the reservoir (i.e., 
extracellular water phase) is as follows: 

an,‘ar=Oat r=R,,OszsL,, 

an/&=Oat z=Oand L,,O~F~R,. (8~) 

This condition means that the external aqueous 
solution is contained in a cylindrical vessel of 
radius R, and length L,. A decrease in R, leads 
to a diminishing region where H+ can flow. It can 
be expected to alter the flow-pattern characteristic 
of the system. 

If eq. 1 is solved numerically under the condi- 
tions imposed by eqs. 7 and 8 with the integral 
constraints of eqs. 4 and 5, we can realize spatial 
patterns of H+ flux as observed in the real situa- 
tion (see figs. 3 and 4). For the analytical discus- 
sion, however, it is quite difficult to deal directly 
with the boundary conditions eqs. 8a-gc. We 
therefore simplify these conditions in order to 
analyze the characteristic properties more easily. 
Fig. 2b concerns the theoretical analysis: All the 
lengths of cell, vacuole and reservoir are set as 
equal to L. Thus, eqs. 8a-8c can be rewritten as 

an/az=Oat z=Oand L,OsrsR,, 

an/aF=oatr=R, and R,,OszsL, 00) 

Even this simplification will give a fairly good 
explanation of both the numerical and experimen- 
tal results. 

2.3. Properties of the present model system 

The model system described above for a Char- 
acean cell immersed in an external aqueous solu- 

tion has the following characteristics: 
(i) The kinetic equations (eq. 1) holding in the 

cell exterior and protoplasm are linear differential 
equations. 

(ii) The boundary condition eq. 7 with eqs. 2 
and 6 is nonlinear and time-dependent. 

(iii) The average active flux J,’ is restricted by 
the light intensity I in eqs. 4 and 5. 

(iv) The region where H+ can flow is limited to 
the protoplasm at R, s r s R and the extracellu- 
lar water phase at R 5 F 5 R,. 

It should be noted that only the nonlinearity, 
i.e., positive feedback, cannot produce a stable 
spatial pattern. The stabilization of the pattern 
requires another repressive factor, which is ex- 
pressed by restriction of the overall activation of 
H+ pumps along the cell. 

The usual theories of pattern formation con- 
cern only the interior of a unicellular or multicel- 
lular system [l&20]. The present model, on the 
other hand, immediately takes account of the 
membrane separating the cell interior from the 
exterior. This type of problem is rather analogous 
to an oligomeric model [21], where a two-dimen- 
sional diffusion occurs over the membrane surface 
with a nonlinear transport process, while the 
mathematical description is much different. 

3. Numerical results 

In this section we describe the results of com- 
puter simulation, using an A.D.I. method [22]. 

3.1. Electric dissipative structure 

Fig. 3 demonstrates examples of a homoge- 
neous-flux state (a) and band-patterned states (b 
and c), constructed from acid regions and alkaline 
regions. The numerical parameters adopted are 
listed in the figure legend. In each figure, the 
patterns of pH along the cell surface, active flux, 
passive flux and total flux as the sum of these two 
fluxes at the membrane are shown. The contour 
lines of H+ concentration in the cell exterior are 
also drawn. The high pH value reaching about 9.0 
occurs in the region where the Hi- flux enters, in 
accord with the usual observations [2,6,23]. 



154 K. Toko et d/Dissipative structure in Chara 

-? aF;ii’Inr 
0 10 20 (mm) 

“;i 
0 10 20 (mm) 

Fig. 3. Numerical results for the homogeneous-flux state (a) and patterned states (b and c). The pH values refer to those at the cell 
surface. The initial extracellular pH is chosen as 8.0. The contour lines with a step size of U.02 are drawn at the bottom constructed 
from an internode and the external aqueous solution. (a) I= 0.6 W/m’ and (b) I= 24 W/ m2 with a = 10, p = 4.8, y = 0.12, 

D,=0.5(=10-4cm2/s), D,=500,0=0.2m2/W, R,=0.25mm, R,=2.Smm, n, =1.16~10-~ M and A=0.141. (c) I=24 

W/m2 with y = 0.1, D, =lOOO, rz_ = 1.09 x IO-’ M, i = 0.79 and the same parameter values as in (a). The alkaline region is formed 
far from the node (b) and at the node (c), Whether each type of pattern appears depends on the imposed initial condition. 

While the homogeneous-flux state can be ob- 
tained experimentally for a light intensity lower 
than about 0.8 W/m2, the inhomogeneous state 
(patterned state) can arise from the homogeneous 
state when the light intensity is increased [3]. This 
observation is surely explained by the present 
numerical calculation: The patterned state ap- 
pears spontaneously beyond the critical light in- 
tensity of approx. 0.8 W/m’. The theoretical anal- 
ysis detailed below reveals that the appearance of 
a patterned state corresponds to a bifurcation 
phenomenon [ll] brought about by instability of 
the homogeneous state: A new ordered state of 
bands bifurcates from the homogeneous state. In- 
creasing light intensity shifts the system far from 
equilibrium, so that the self-organized state such 
as banding can occur. 

The numerical results on the flux display the 
typical M-shaped pattern. This explains the ex- 
perimental observation [23] and demonstrates the 
circulation of H+ flux from the acidic to alkaline 

region. Fig. 4 shows the streamline drawn so as to 
cross perpendicularly the contour lines of H+ con- 
centration. The streamline suggested from the 
measurement of surface eiectric potential [2] also 
shows a similar pattern. 

In this way we can reproduce well banding 
phenomena in the Characeae within the frame- 
work of a simple theoretical model. Electric spa- 
tial patterns are formed mainly according to the 
H’ (or OH-) concentration pattern. The electric 
dissipative structure can be considered to appear 
frequently in many biological systems such as 
Acetabularia [9], bean root [10,12] and Fucus [24]. 

3.2. The pH value at the surface 

Here, we describe the effects of the value of the 
diffusion constant in the protopLtsm, and the sizes 
of the vacuole and reservoir on the pH value at 
the surface of cell when alternating acidic and 
alkaline regions are formed. 
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Fig. 4. The H+ flux pattern drawn according to the contour lines. The vessel is assumed as being impermeable to HC at its wall. 

Fig. 5 shows the relationship between D, and 
the pH values of alkaline and acidic regions. The 
pH values are estimated at the midpoints of the 
alkaline and acidic regions. It can be seen that, 
when the value of Di is increased, alkalinization is 
facilitated. If the velocity of H+ streaming u is 
defined by the following equation: 

v = oi(an/az)/n, (11) 

(5 _-__~__~___~-_-__~_Q-*Q 

Acid 

I 8 , 
10 100 loo0 

Fig. 5. Dependence of the pH values at the cell surface on the 
internal diffusion constant Di. (O------O) Numerical results; 
conditions: I = 12 W/m’ with OL = 5, p = 2.4, y = 0.01, D, = 
10-4cmz/s, a=0.2 m*/W, R.=O, R,=2.5 mm, n-=1.23 
x lo-” M and ii = 0.18. ( ----) Analytical results; condi- 
tions:I=4W/mZanda=2,p=1,y=0.1,0,=10~4~mZ/s, 
u=0.2m2/W,R~=0.4mm,R,=0.75mm,n,=1.57~10~* 
M and ii = 0.362. While the parameter values in the theoretical 
analysis differ from those in the numerical analysts, it is 
because a reliable theoretical description is limited to a region 
near the critical light intensity showing relatively weak nonlin- 
earity. Note that the TDGL equation can be derived near the 

homogeneous-flux state. 

then the present computer simulation gives about 
93 pm/s as the value of v near the midpoints of 
the acidic and alkaline zones for Di = 200. This 
value is of the same order as the velocity of 
protoplasmic streaming suggested experimentally 
as 60-100 pm/s. The external diffusion constant 
D, is, on the other hand, chosen as 0.5 (= 10V4 
cm*/s), equal to the Hf diffusion constant. The 
fact that Di should be chosen as much larger than 
D, to obtain the band pattern in the observed pH 
range might suggest the intervention of proto- 
plasmic streaming. 

The effect of vacuole size on the pattern is 
shown in fig. 6. The radius of the internode is 
chosen as 0.425 mm, in good agreement with the 
real radius of an internode. The larger the vacuole 
becomes, the more distinct the alkalinization ap- 
pears. This result may explain the report that 
bands composed of acid and alkaline regions be- 
come obscure when the vacuole is removed 1251. 
We shall provide a reasonable interpretation of 
this phenomenon later. 

Fig. 7 reveals that the reduction in reservoir 
(extracellular water phase) size makes the band 
pattern clearer. For a smaller size of vessel, the 
H+ current is forced to flow in the narrow region 
parallel to the cell surface; thus, a sharp spatial 
variation of H+ concentration is built up in the 
vicinity of the cell surface. We next show that this 
gives rise to the stabilization of a band pattern. 

3.3. Dynamics of pattern formation 

Fig. 8 visualizes the appearance of a band 
pattern when the light intensity is abruptly in- 
creased; the Hf concentrations in the cell exterior 
and interior are illustrated. An overall increase in 
H+ concentration along the cell surface occurs 
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Fig. 6. Dependence of the surface pH values on the vacuole 
size R,. The numerical results (O------O) adopt the parame- 

ter values used in fig. 3c. The theoretical analysis (- ) 
adopts the same values as in fig. 5 except for I+ = 1000, 

PI_ = 1.895 X 1O-8 M, A = 0.4723 and R, changeable. 

1 

I 
n 

_*-0-a - 

Acid 

7 

I . 1 I I I I . I 

0 1 2 3 4 5 
R, (mm) 

Fig. 7. Dependence of the surface pH values on Ihe reservoir 
(extracellular water phase) size R,. The numerical results 
(O______O) are obtained under the conditions: I = 4 W/m2 
with a=2, p-0.8, u=O.l, DC=2 ( =4X10-4cm2/s), D,- 
1000, R,=0.25 mm, R,=2.5 mm, n,=l.O2XlO-s M and 
A = 0.022. The theoretical analysis (- ) is due to the same 
parameter values as in fig. 5 except for R, = 0.4 mm and R, 

changeable. 

first, but thereafter, localized accumulation of H+ 
commences. At this stage, however, the H++-con- 
centration change extends over only the cell 
surface. It is associated with H+ circulation along 
the surface. The alternating acid and alkaline re- 
gions are formed only near the cell surface. Later, 
the cell exterior exhibits the spatial pattern of H+ 
concentration, which leads to a circulating electric 
current in the reservoir. This pattern in a system 
composed of a cell membrane, cell interior and 
exterior is realized according to the principle of 
minimum energy dissipation or minimum entropy 
production of the whole system [8]. 

Fig. 9 shows the time courses of pH values at 
the alkaline and acidic regions when the light 
intensity is abruptly raised and then reduced. A 
high alkaline value is formed for increasing light 
intensity but gradually disappears as the light is 
switched off. Since a circulating electric current is 
established around the cell, the dynamics of pat- 
tern formation can be expected to be greatly al- 
tered with change in reservoir size of the extracel- 
lular water phase. 

Let us define the relaxation time 7 T as the 
time required for the change of (1 - e-l> times as 
the total change in flux at the alkaline region 
when the light intensity is raised. As for 7 J,, the 
relaxation time with decreasing light intensity, it 
may be convenient to define it as the time for 
reaching the first concave peak of flux, because 
the relaxation process is oscillatory. The relations 
between the relaxation time and reservoir size are 
summarized in fig. 10: When a band pattern is 
formed, relaxation is faster for the smaller vessel. 
When the homogeneous-flux state is recovered, on 
the other hand, the relaxation is slower for the 
smaller vessel. This indicates that the smaller ves- 
sel stabilizes the band state. This is because the 
acid and alkaline bands can be formed more read- 
ily for a smaller volume of water, as shown in fig. 
7. These facts also imply that the banding phe- 
nomenon should be understood as a rather macro- 
scopic phenomenon appearing not only in the cell 
interior but also in the exterior. 

It is necessary to understand this phenomenon 
from a comparison with the fluid or reaction-dif- 
fusion system. In Benard convection, thermal en- 
ergy supplied externally is consumed by homoge- 
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Fig. 9. Time courses of the rise and subsequent decline in pH 
values. The pH value in each region is estimated at the 
midpoint of that region. The parameter values are the same as 
those in fig. 7 except for R, = 2.5 mm. At r = 0 (ON), a light 
intensity of 4 W/m* is imposed and at t = 8 min (OFF) it is 

decreased to 0.1 W/m’. 

neous conduction if the thermal difference is rela- 
tively small. For a large thermal difference, how- 
ever, energy consumption cannot be made suffi- 
ciently by conduction but by patterned convective 
flow. Similar situations also occur in such reac- 
tion-diffusion systems as the Belousov-Zhabo- 
tin&ii reaction and Liesegang ring [ll]. In Char- 
acean systems, the homogeneous-flux state forms 

R, (mm) 

an extremely sharp variation of H+ concentration 
perpendicular to the whole cell surface. This large 
discontinuous change in H+ concentration is obvi- 
ously disadvantageous from the viewpoint of en- 
ergy dissipation, as is also understood from the 
appearance of phase separation in equilibrium 
systems [26,27]. In the patterned state, however, 
the sharp variation is restricted to the acid and 
alkaline regions; hence, the transitional regions 
between them show only small variations in H+ 
concentration. In this case protons can escape to 
neighboring regions along the surface. The system 
no longer needs to pump H* strongly along the 
entire cell surface. Only if H+ is extruded from the 
acidic region can H+ flow passively into the 
neighboring alkaline regions. Energy dissipation in 
an entire system composed of a membrane, cell 
interior and exterior behaving as dissipative media 
becomes lower when the patterned state is real- 
ized. This is analogous to Benard convection in 
fluid systems or phase separation in equilibrium 
systems. 

4. Stability of the homogeneous-flux state 

A stationary homogeneous state can be de- 
scribed using eqs. 1, 4 and 5 under the boundary 

b 

1 2 3 4 5 
R, (mm) 

Fig. 10. Relationships between the reservoir size R, and relaxation time to the patterned state (a) and homogeneous-flux state (b). 
The numerical (O------O) and theoretical (- ) results are from the same parameter values as in fig. 7. Other parameters are 

I’ = 0 and b = 0.32 W/m’. 
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conditions of eqs. 7 and 10: 

aI R2 - R2 
N,=l+-L at R<r<R,, 

no = 
P I?;-RZ, 

al R2 - R’ 
(12) 

N,=l--- 
P R;-Rt 

at R,<r<R, 

hO=$+Y]n s-1. 
[ I 

Note that ho decreases with 
tensity I, as expected. The 
centration difference is given 

An’= N,- Ni=al/p, 

which increases with I. 

03) 

increase in light in- 
stationary Hf con- 

by 

(14) 

The stability of a homogeneous state is ex- 
amined easily (details are given in appendix B). 
Fig. 11 depicts a phase diagram on the plane of 
LP2 and I. This diagram predicts that banding 
patterns appear easily for larger values of the light 
intensity I and cell length L. In fact, the bands 
can appear above the threshold value of light 
intensity of about 0.8 W/m* [3,4], and young cells 

of small length and cells shorter than a few milli- 
meters are unable to maintain stable bands 
[l&28,29]. Fig. 11 also demonstrates that a spatial 
pattern with more bands can appear with light 
intensity. This explains the observation [3] and the 
computer simulation shown in fig. 3. 

The critical light intensity I,, above which the 
spatial pattern can appear, is given explicitly by 

I,= a-- a2--4ycy 
I i 
I x 

kn DeD, Xcr, ’ + x D,Y,Z, - D,X,W, 

where k is an integer expressing the spatial mode: 
a pattern composed of one alkaline and one acid 
band corresponds to k = 2, two sets of bands 
corresponding to k = 4, and so on. An example of 
fig 3b is obtained for k = 8, In eq. 15 the abbrevi- 
ated expressions XC, Y,, Z, and WC are used as 

0.8 1.2 1.6 2.0 

Light Intensity I (W/m9 

Fig. 11. Phase diagram on the plane of l/L’ and I. The 
patterned slate can appear more easily for the greater cell 
length f. and higher light intensity 1. The threshold above 
which the bands appear is nearly 0.X W/m2 for a sufficiently 
long internode. The parameters are a = 5000, p = 0.25 ( = 10 3 
cm/s), y=O.lS, DC=10 4 cm*/s, Di ~200, 4=S m’/W, 

R,=0.4mmand Rr=2.5mm. 

where K,(x) and I,(x) are modified Bessel func- 
tions of the v-th order, and I-,, r, and r, are 
defined by 

rv=TR v, r, = FR, r,= $R f. (17) 

Let us now discuss the effects of Di, De, R, 
and R, on the bifurcation. Eq. 15 can be ap- 
proximated by expanding the modified Bessel 
functions up to the first order: 

This expression shows that the bifurcation point, 
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Di 

3 -4 
= 10 

R, (mm) 

1.1 fj 

0.9 1 
0 1 2 3 4 5 

R, (mm) 

Fig. 12. Dependence of the critical light intensity 1, on the internal diffusion constant D, (a), external diffusion constant D, (b), 
vacuole size R” (c) and reservoir size R, (d). The parameters are a = 1, p = 1, 0, = 2 X 10C4 c&/s, (I = 0.2 m2/W, and the same as 

those in fig. 11. One parameter value is changed in each panel. 

i.e., the critical light intensity, increases with Di or 
DC. The appearance of a spatial pattern is delayed 
as the diffusion effect is dominant. This result 
does not conflict with the well-known role of 
diffusion in pattern formation [ll]. The strict 
numerical results using eq. 15 are given in fig. 12a 
and b; the increase in diffusion constant produces 
a rise in I,. 

The effect of vacuole size is also studied using 
eq. 18. When the vacuole size is gradually de- 
creased, I, is known to increase. This means that 
the homogeneous-flux state is favorable when the 
vacuole is removed. This conclusion agrees quali- 
tatively with the numerical results in fig. 6, and 
also explains the experimental observation [25]. 
The relation between vacuole size and critical light 
intensity is shown in fig. 12~. 

The reservoir size can affect the bifurcation. 
When R, is increased from nearly R, we can see 
from eq. 18 the rise in I,. This means that band 
formation is advantageous for smaller sizes of the 
extracellular water phase and explains the kinetics 
obtained numerically shown in fig. 10. The bands 
are stable when the cell is in water with a smaller 
volume, Fig. 12d illustrates the relation between 
R, and I, calculated from eq. 15. 

These results can be understood intuitively by 
taking into account fluctuation within the system. 
For the appearance of a self-organized state such 
as bands, the microscopic fluctuation appearing in 
the system must not decay but develop with time; 
macroscopic order is realized through fluctuations. 
When diffusion is fast, the fluctuation of con- 
centration can be smoothed out straightforwardly 
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in the cell interior or exterior. The microscopic 
fluctuation, therefore, cannot develop into a mac- 
roscopic fluctuation, i.e., self-organized state. The 
system will remain in the homogeneous state. 
According to the theoretical result in fig. 12, how- 
ever, the change in critical light intensity with 
diffusion constant (or viscosity) is relatively small. 
Hence, experimental inspection might not be very 
easy. 

When the vacuole is large, in the next place, the 
volume of protoplasm where Hf can flow becomes 
smaller. This leads to a decrease in buffer effect 
such that the fluctuation is absorbed in the 
medium, making the system remain homogeneous. 
The homogeneous state can therefore become un- 
stable faster for larger vacuoles, a patterned state 
can appear. If the vessel containing the extracellu- 
lar water phase is larger, the fluctuation can be 
absorbed in the larger buffer medium. This brings 
the system stably to the homogeneous state. Thus, 
the smaller volume of water forces the system into 
a patterned state under illumination. 

5. Patterned state 

Here, we deal with a description of the banding 
pattern. A kinetic equation for the Hf concentra- 
tion difference across the cell membrane is given 
first, followed by the derivation of the time-depen- 
dent Ginzburg-Landau (TDGL) equation. 

5.1. Kinetic equation for H +-concentration dif- 

f erence 

The present model system is composed of diffu- 
sion equations valid in the cell exterior and inter- 
ior for the time-dependent nonlinear boundary 
condition at the membrane, the external parame- 
ter of light intensity being included in the integral 
constraint on total active flux. In this kind of 
system, we can obtain the nonlinear differential 
equation holding at the membrane [9]. The proce- 
dure is detailed in appendix C. 

Let Sn, and Sn, denote the variance from the 
homogeneous values N, and Ni, respectively, then 
Mn can be introduced via 

SAn = Sn, - Sn,, (19) 

which is the variance of the Hf-concentration 
difference across the plasmalemma. The variance 
of h from the homogeneous state ho is introduced 
using Sh. The kinetic equation for SAn leads to 

T( i -Des)SAn =J,(Mn,Sh) +J,(SAn), 

(20) 
where T is defined by 

L Di X,K 
== k17 D,y,Z,- D,X,W,’ (21) 

with the definitions of X,, Y,, Z, and WC by eqs. 
16. 

The equation for SAh is obtained implicitly 
from the integral constraint of eqs. 4 and 5 as 

;/LJ,(SAn,Sh) dz =al. (22) 
0 

The explicit expression for J,(SAn,Sh) leads to 

J,=a-_ 

l+E 
aE (6h -&An) 

Y(1 + E)2 

+ cyE(E-l) (&‘-6An)2 
2y2(1 t E)3 

aE(E2-4E+l) - 
6y3(1 + E)4 

(&~-Sbn)~ 

+ aE( E - l)( E2 - 10E + 1) 

24y4(1 + E)5 
(6/r-Mn)’ 

aE( E4 - 26E3 + 66E= - 26E + 1) - 
12Oy’(l + E)” 

x(&z-SAn)‘+ a.., 

with E defined by 

(23) 

E=exp[“om~no) =cr/la-1. 

The expression for Jp is obviously written as 

J,, = -pAno -pdAn. (25) 

Eqs. 20 and 22 describe the behavior of SA+ 
and Sh. Whereas these equations hold only at the 
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membrane, information on the ceil exterior and 
interior is included in T: this coefficient arises 
from radial integration within the cell exterior 
utilizing the flux continuity, which connects the 
interior to the exterior. The effect of the environ- 
ment and cytoplasm is also reflected by the 
threshold light intensity Z,. 

5.2. TDGL equation for amplitude of fundamental 
harmonic 

Eq. 20 is a nonlinear differential equation. The 
boundary condition at the two ends is that of no 
flux, rewritten from eq. 10 as 

$SAn=Oat z=Oand L. (26) 

A formal solution of SAn can be expressed as: 

SAn=A,exp ,Fz 
i 1 

2kv 
+A,+A,exp i~z 

i 1 

+A,exp i?z +... 
( i 

+ C.C., (27) 

where C.C. denotes the complex conjugate and k is 
the integer. The amplitudes, A,, generally depend 
on the time t. 

Application of a perturbative method presented 
by Yamafuji et al. [30,31] to eqs. 20 and 22 gives 
rise to a TDGL equation for A,. The procedure is 
very lengthy, and hence is detailed in appendix D. 
The result is given by 

+, = [r+GA:-HA;]A,, (28) 

where r, G and H are expressed by 

z‘= a(VZo - 1) a( a/Z,a - 1) 

u(VZa)* - Y(UZ,a)’ ’ 

G = a2 (a/la - l)*( cu/Zfz - 2)2 

2y4(cy/za)6(U+ 2r) 

(a/Za-l)[(cy/Z0)2-2*/Za+2] 

2y3( “/za)4 
, 

H=H,. (2% 

The expressions for H, and U are shown in ap- 
pendix D. 

The stationary amplitude of the fundamental 
harmonic is given by 

A;,= [Gk 4m]/2H. (30) 

The plus sign corresponds to the stable solution 
with the minus sign denoting unstable. Since the 
unstable solution exists for G(Z,) > 0 referring to 
an inverted-type bifurcation [30], hysteresis can be 
observed for one cycle of increased and reduced 
light intensity. For a relatively wide range of 
parameter values as used in figs. 3 and 4, the 
bifurcation belongs to the inverted type. This im- 
plies the existence of hysteresis, which agrees with 
the experimental observation [3]. 

The pH at the surface can be obtained from 
superposition of the amplitudes of the first, sec- 
ond, third harmonics, etc. The surface H+ con- 
centration nes is given by (appendix E) 

n .,=N,+C A1 ~ cos( IKZ ) , 
,z, 1 -d, (31) 

with d, and K defined by 

d,= o,r,(r)z,(r>/o,X,(r)w,(r>, 

K = ka/L, (32) 
where X,(1) is given by a form similar to X, in 
eqs. 16 as 

X,(Z) = K,(Zr,)Z,(Zr,) -Z,(Zr,)K,(Zr,), (33) 

and so on. The physical parameters such as Dj, 
D,, R, and R, are contained in N,, A, and d,. 
We can therefore discuss the effect of these 
parameters on the spatial pattern of n_(z,t). For 
a description of stationary pH at the surface using 
eq. 31, it may be sufficient to calculate the terms 
up to the third harmonics. 

The relaxation time T t for the rise of a pattern 
can be easily obtained from the TDGL equation. 

As shown in appendix E, r t is given by 

r T = T/r. (344 

The relaxation time r 1 for recovery to the homo- 
geneous state when the light intensity is decreased 
to I’ can be estimated as 

75. =b/T*(zC-z’), (34b) 

where T* is given by eq. E6 and b is the numeri- 
cal coefficient. 
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5.3. Theoretical results 

The analytical results obtained using eqs. 30 
and 31 are shown in figs. 5-7 for the effects of D,, 
R v and R, on the surface pH of alkaline and 
acidic regions. The results can explain the tenden- 
cies of computer simulations. The relation be- 
tween the pH and D, is given in fig. 13. These 
figures show that, while H+ flow in the proto- 
plasm accelerates alkalinization, the flow does not 
act favorably in the external aqueous medium. 
Furthermore, the larger vacuole and smaller reser- 
voir give rise to clearer alkafnization. These facts 
can also be interpreted as follows: The larger D, 

with the smaller D, makes the spatial pattern 
evident, and the tiny region where H+ can flow 
facilitates alkalinization. This is expressed by 

D+=-D,, (R,-R,)/R~. (35) 

Fig. 14 illustrates the mechanism of band for- 
mation. The Hf pumps utilize H+ existing in the 
protoplasm. If Di is smaller, a sufficient supply of 
Hf to the pumps cannot be guaranteed. If on the 
other hand, the H+ flow is rapid in the proto- 
plasm, H+ from the exterior alkaline regions 
penetrating into the cell interior can move fluently 
to the interior side of the acid region, where H’ 

12 
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10 
I 
a 
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7 

Acid 

1 I I L 

0.5 1 1.5 
De (cm*/s) 

2 .,(p 

Fig. 13. Dependence of the surface pH values on the diffusion 

constant 0,. The parameters used in the theoretical analysis 
follow fig. 7 except for R, = 0.75 mm, nm -1_1713xlO-s M, 

A = 0.14623 and 0, changeable. 

Ves5el Wa I I 

#’ : 

External 

Acid 4’ Acid Medtum 
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//////////////////// Tcmoolast 
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Fig. 14. Intuitive explanation of the mechanism of localized 

alkalimzation and acidification along an internode. 

pumps demand a supply of H+. Extruded protons 
in the acid regions circulate to the alkaline regions 
in the reservoir. The observed spatial pattern is 
evident for the smaller diffusion velocity in the 
cell exterior, as can be intuitively understood. 
Whereas fast permeation of the cell membrane in 
the alkaline region is necessary for the completion 
of the above-mentioned process, the large perme- 
ability is really suggested from data on the electric 
conductance [5,14]. 

It may be possible to interpret the inequality 
Di B D, as implying efflux of OH- at the alkaline 
region associated with H+ efflux at the spatially 
separated acid region. Diffusion of H+ along the 
plasmalemma within the protoplasm is not a rate- 
limiting process, because OH- produced through 
photosynthesis need only be extruded directly at 
the alkaline region according to the electrochem- 
ical gradient. The flow of H+ and of OH- con- 
stitute equivalent electric current loops. 

The effect of the volume of the region where 
H+ circulates is also shown in fig. 14. H* need not 
follow a roundabout route to circulate among acid 
and alkaline zones in the case of the smaller 
volume. The spatial pattern formed in the narrow 
space can become more noticeable than that in a 
wide space. 

We next refer to the kinetics of band forma- 
tion. The analytical results using eqs. 34 are com- 
pared in fig. 10 with numerical results. The depen- 
dences of the relaxation times on reservoir size 
display similar tendencies in both the analytical 
and numerical results. The smaller the reservoir 
size, the faster the pattern is formed and the more 
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slowly it decays to recover the homogeneous state. 
This tendency is also confirmed experimentally 

u41. 
For an intuitive explanation of these phenom- 

ena, we present a schematic illustration of the 
spatial pattern accompanied by H’ circulation 
(fig. 15). It takes only a short time during the 
initial stage for the pattern to arise from a homo- 
geneous state when the reservoir is small due to 
the short path between the alkaline and acid zones. 
In contrast, it takes a rather long time in the case 
of a large vessel, since H+ takes a roundabout 
route in order to complete the circulation between 
these zones. At the later stage, of course, accumu- 
lation of H+ proceeds slowly for a small vessel due 
to the build-up of a distinct spatial pattern as 
shown in fig. 7. Fig. 16 demonstrates an example 
of the numerical results of the rise of the pattern 
for a very small vessel of R, = 0.6 mm. After the 
abrupt increase and decrease in H ’ concentration 
occurring during the initial stage, a slow decrease 
in the acid region proceeds accompanied by a slow 
decrease in H+ in the alkaline region. Fast 
alkalinization may be inhibited by the extra supply 
of H+ from the acid region, differing from the 
case in fig. 9 with R, = 2.5 mm. Provided that we 

Fig. 15. Circulating electric current and accumulation of H+ 
near the surface of an internode placed in the small (a) or large 

(b) reservoir. 

J 7O 1 2 4 6 8 I 

lime (min) 

Fig. 16. A numerical example of the time course of the 
pattern-formation process in a small reservoir of R, = 0.6 mm 
(cell radius 0.425 mm). The parameters are the same as those in 

fig. 9. 

confine the description to the initial rise of the 
spatial pattern, however, we can conclude that the 
pattern is formed more rapidly in the small res- 
ervoir due to the short diffusion path than in the 
large one. 

Finally, we provide an explanation for the origin 
of the slow decay of the pattern in a small vessel. 
This is brought about by the large accumulation 
of HC in acid zones and depletion in the alkaline 
zones of the initial pattern. It is confirmed not 
only by computer simulations as shown in fig. 7 
but also by analytical results that the higher 
harmonics of the spatial mode play dominant 
roles in the pattern for a small vessel. This situa- 
tion is also depicted in fig. 15. Thus, such a large 
degree of accumulation and depletion of H+ de- 
lays the recovery from a patterned state to a 
homogeneous state. 

6. Discussion 

The present theoretical model has revealed that 
Characean banding is a dissipative structure ap- 
pearing far from equilibrium. It emerges beyond 
the critical light intensity, as shown in fig. 11. H+ 
flow occurs from the acidic region to the alkaline 
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region in the external aqueous solution, or is asso- 
ciated with OH- efflux from the alkaline region. 
Therefore, the change in size of the extracellular 
water phase can significantly affect such proper- 
ties of banding as the pH profile and pattern-for- 
mation kinetics. 

We now consider the mechanism of acid/ alkali 
pattern formation under illumination with the aid 
of fig. 14. Light induces Hf efflux through an 
H+-electrogenic process along the entire length of 
the cell. The resultant hyperpolarization and H + 
accumulation at the counter surface (or alkaliniza- 
tion in the protoplasm) cause the subsequent H+ 
influx (or OH- reflux) according to the electro- 
chemical gradient. Although this state, which is 
uniform along the cell, can be maintained for 
lower light intensities, a new state can emerge 
when the light intensity is increased beyond some 
threshold value: Local small fluctuations can grow 
to macroscopic spatial orders. This is partly be- 
cause the membrane permeability to H+ (or OH-) 
increases at high pH [18], as discussed in detail 
[14]. It should be noted, however, that this auto- 
catalytic process alone cannot produce alternating 
acid/alkali patterns along the cell. The stabiliza- 
tion of a pattern requires another repressive fac- 
tor, which limits either the spread of alkalinization 
due to passive H+ influx (or OH- efflux) or that 
of acidification due to activated H+ pumps. 

Suppose that the membrane permeability hap 
pens to increase gradually without attenuation in 
some local places due to alkalinization occurring 
initially in the protoplasm as well as subsequent 
alkalinization in the extracellular water phase, 
which follows the electrochemical gradient across 
the membrane. It can then accelerate alkaliniza- 
tion in an autocatalytic manner. This kind of 
process can generally proceed when the nonlinear- 
ity inherent in the system becomes dominant un- 
der far-from-equilibrium conditions. However, this 
process cannot spread over the entire cell length, 
because the electrogenic Hf pumps always pro- 
duce acidification at the cell surface, which acts 
antagonistically with alkalinization due to passive 
H+ (or OH-) flow through H+ (or OH-) chan- 
nels. Concerning electrogenic Hf pumps, they 
cannot all be fully activated along the entire cell 
length because the energy supply by light is limited, 

although the pumps may be more activated 
through photosynthesis utilizing the elevated CO, 
influx in the acid region. We can therefore expect 
that the acidification process due to H+ pumps 
will balance the alkalinization caused by diffusion 
flux across the membrane; the two regions can 
separate spatially as shown in fig. 14. The interac- 
tion between these regions occurs via the circulat- 
ing electric current of Ht and/or OH-. While the 
initial formation of an acid/alkali pattern arises 
in this way, fixation of acid and alkali regions may 
be related to CaCO, depositions, The depositions 
act as nucleation sites for future alkali regions. As 
the acid/alkali pattern becomes more stabilized 
under normal conditions day by day, some mor- 
phological changes in activated chloroplast distri- 
bution and membrane composition might proceed. 

The bands in Chara are closely analogous to 
Benard convection, which is a typical dissipative 
structure appearing far from equilibrium. We can 
conclude from the theoretical analysis that the 
acid/alkali banding pattern is also a dissipative 
structure. 

In the present theoretical model, the autocata- 
lytic nature of passive flux is not taken into 
account explicitly. Incorporation of this autocata- 
lytic nature, however, with the expression for J, + 
J, is mathematically equivalent to the present 
model including the nonlinearity necessary for 
pattern formation. By means of this modification, 
therefore, no major change in qualitative char- 
acteristics as a dissipative structure can be ex- 
pected. Nevertheless, a careful reconsideration of 
ion species participating in this phenomenon may 
be required: If OH- and H+ are transported 
autocatalytically across the membrane in the al- 
kaline and acid regions, respectively, we should 
adopt two kinds of diffusion equations for OH- 
and H+ instead of eq. 1. It may lead to a new 
situation somewhat different from the present 
model. While the fundamental properties of dis- 
sipative structure mentioned here may be un- 
changed, a detailed biochemical process might be 
elucidated more distinctly by the improved ap- 
proach considering strictly a mechanism of auto- 
catalytic nature. It is also related to the interesting 
problem of energy coupling at the cellular level. A 
mathematical modification along this line is a 
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future task, together with experiments for study- 
ing the autocatalytic properties of pH pattern 
formation 

We must comment on the value of the electric 
current. The flux given by J, in fig. 3c amounts to 
only approx. 0.04 pA/cm2, which is much smaller 
than the observed value of approx. 10 pA/cm2. 
This discrepancy may arise for two reasons. One is 
that the current is also composed of other ion 
species than Hf. These ion species may be HCO; 
and Kf [6,7]. An H+ flux of about 1 pA/cm’ has 
been reported under some conditions [1,5,32]. A 
similar situation occurs in Fucus eggs: Although 
Ca2+ can be indispensable in rhizoid formation, 
Ca*+ accounts for only 5% of the total electric 
current in seawater [33]. 

The other reason is a possibility that too small 
a value for a is chosen. Since (Y in eq. 2 corre- 
sponds to the maximum flux, it is better to choose 
(Y equal to 5 X 103, much larger than the present 
value (= 10) as one trial if we want to reproduce 
the flux of 10 pAA/cm2. Unfortunately, such a 
large value makes the numerical calculation ex- 
tremely difficult because of the large difference 
between (Y and De (= 0.5) while the theoretical 
analysis is possible. Therefore, we adopted this 
value for the theoretical calculation in fig. 11 so as 
to express approx. 10 pA/cm2. The permeability 
p was taken as lop3 cm/s (= 0.25), which has 
been reported experimentally [32]. Whereas we 
also performed a theoretical calculation using the 
parameter values adopted in the numerical results 
in fig. 3, a result similar to that in fig. 11 was 
obtained. Thus, the essential properties demon- 
strated by a dissipative structure cdnnot be 
changed by the magnitude of the electric current. 

It should be noted, however, that the usual 
estimate of an electric current from the voltage 
difference becomes misleading in some cases. Since 
the electric current originates in the electrochem- 
ical-potential gradient, the diffusion flux due to 
the concentration difference must be taken into 
account. Therefore, careful reconsideration may 
be necessary for the experimentally estimated value 
of an electric current. 

As mentioned in a recent observation [14], the 
rise in spatial pattern from the homogeneous state 
usually takes several minutes. The corresponding 

result in the theory shown in fig. 10a gives a 
relaxation time of 1 min or so, which is faster than 
that observed. This may be because our theory 
disregards the activation time of the photosyn- 
thetic process in chloroplasts under illumination. 
In fact, eq. 5 implies that the active flux is elicited 
in a straightforward manner when illumination is 
imposed. Incorporation of the temporal relation- 
ship between light intensity and active flux into 
the theory could be relatively simple provided that 
one is permitted to do so in a phenomenological 
fashion. This procedure remains a future task. 

The critical light intensity, above which spatial 
inhomogeneity appears, has been shown to de- 
pend on the viscosity of the aqueous solution and 
size of the vessel (see fig. 12). However, these 
changes are relatively small, and hence rather 
minute measurements might be necessary for ex- 
perimental inspection. 

It is necessary to study the electric characteris- 
tics of a particularly conditioned internode, which 
exhibits no band at pH approx. 8, by intensionally 
choosing an adequate medium; under the usual 
conditions using artificial pond water at pH 8 
bands are observed, and a low electric resistance 
along the cell occurs at extremely high pH [14,18]. 
If a high electric resistance should be observed at 
a higher pH of about 11 contrary to the normal 
internode, it might be considered that there is a 
strong possibility that the alkali-induced perme- 
ability change plays a dominant role in the bands. 

Pattern formation is a typical nonlinear, non- 
equilibrium phenomenon. The temporal oscilla- 
tion also belongs to the category of self-organized 
phenomena appearing far from equilibrium. Char- 
acean internodes show self-oscillation of the mem- 
brane potential [34,35]. This indicates the in- 
herence of the positive-feedback loop in chemical 
and physical processes occurring in the cell. A 
similar oscillation has been observed in a Nitellu 
protoplasmic droplet [36], and has been explained 
theoretically [37]. We can suppose that the spatial 
pattern as well as the temporal oscillation arise 
from the same positive-feedback origin. In other 
words, these two phenomena should not be studied 
separately but should be treated within a broader 
biophysical framework, i.e., as a spatio-temporal 
organization. 
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Appendix A I33 can be expressed by 

Nondimensional quantities are obtained by de- 
fining nao, ii, I? and ? as the quantities related to 
the external H+ concentration, those giving the 
order to the cell radius and the H+ diffusion time, 
respectively. The right-hand sides refer to the non- 
dimensional terms: 

Xcos %z exp(-A$), 
( ! 

sn.=+kKo( j$r) +wo( gr)] 
xcos $7; exp(-A$), 

( i 

where K, and Z, are modified Bessel functions of 
the v-th order. The relationships among Pk, /3; 
and A, are 

with 0,; denoting De and D,. We have chosen 
k = 0.5 ‘mm and F = 12.5 s; values of nm and Zi 
are listed in each figure legend. Since R is set at 
0.85, the radius amounts to 0.425 mm, in good 
agreement with the real radius of an internode. 

or 

Appendix B 

The small quantities an,, 6ni and 6h are intro- 
duced via 

i 

N, + Sn, at R<r<R,, 

‘= Ni+6ni at R,-cr<R, 

h=hO-kSh. (Bl) 

The diffusion equations can be rewritten as 

with Sn.,, designating 6n, and 6ni. The boundary 
conditions are reduced to 

j+o at r= R,, 

$Sn,=O at r= R,, 

$fl,.! =Q at z=Oand L. 033) 

The solution of eq. B2 under the condition, eq. 

( w 

The expansion coefficients ak, B,, C, and D, 
can be determined from eqs. 4 and 5 under the 
condition of eq. 7. Substitution of eqs. Bl and B4 
into eqs. 4 and 5 leads to 

6h=O. 

The flux continuity is rewritten as 

(A71 

= -P+ 1 a( a/zu - 1) 

Yb/~d 1 

x (%s -his). (B8) 

Putting eqs. B4 into eqs. B3 and B8 we then 
obtain: 

B 

k Zl(Xr) ’ 

K,(xr)4(xs) - 4brWlW x K,(x,)Z,(xi) -4(%)K,(Xb> ’ 
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(B9) 

where x,, x,, X, and x,’ are defined by 

xr=g ; & R,, x,= -Rv, x, = -R, 

B;.. xi= fi @lo) 

In the expressions for B,, C, and D, we put ak 
as being equal to unity. 

If we substitute eqs. B4 with eqs. B9 into eqs. 
B8, we have 

with X, Y, Z and W defined by 

X=K,(x.)&(xf) -&(x,)Kr(xl), 

Y=K,(x,)I1,(x,) - I,(x,)K,(x,)* 

Z = K,(x”U”(x:) + I,(x”)G(x:), 

w= K7(x,)JrJ(x*) + z,(x,)&l(x*). (BI2) 

Since p; is related to Pk by eq. B6 and Pk is 
expressed by h, through eq. B5, the resultant eq. 
Bll gives X, as a function of I, L?,, R,, etc. 

From eqs. B4, the small variances will decay 
when A’, takes positive values. This means the 
homogeneous-flux state exists stably under ther- 
mal fluctuations. If hi becomes negative, on the 
other hand, small variations can grow. The homo- 
geneous state can no longer remain stable, and 
hence a spatial mode can develop. Thus, the sta- 
bility change occurs at X, = 0. Fig. 11 shows that 
the homogeneous state becomes unstable to bring 
about the spatial pattern above some threshold 
value 1, of light intensity, which corresponds to 
X, = 0. Eq. Bll gives 1, by putting h, = 0 as in 
eq. 15. 

Appendix C 

The diffusion equations for Sn, and Sni are 
given by eq. B2. The formal solutions for the 

fundamental harmonic of mode k are therefore 
written as 

(cl4 

(Clb) 

If we substitute eq. Cla into eq. B2 and then 
integrate the resulting equation by multiplying r 
with respect to r, we obtain 

s 

By using eq. B9 the diffusion flux at the mem- 
brane is rewritten as 

The variance of An, 6An, can be related to N 
as 

N. (C4) 
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Putting eqs. B9 into eq. C4 we then obtain 

The diffusion flux at the membrane becomes 

-De ( 1 aSn, p; JD,Dixy =- 
ar 5 P, \i%YZ- fixw 

as [30] 

A,=WzW,+W4W02+ -.a, 

A, = w2W, + w”W,, + . . . , 

A, = w’W,, + w5 W,, + . s . , (D3) 

and so on. The amplitude W depends on such a 
slow time scale as T,, and is reduced to unity at 
the stationary state. 

The scale transformations of time and space are 
made: 

We approximate the coefficient of the right-hand 
side of eq. C6 by the value at the critical point Z,; 
it implies X, = 0. Substitution of the resulting 
expression into the flux continuity leads to eq. 20. 

Appendix D 

The basic procedure used here is from the 
previously described method [9,30]. We choose the 
stationary amplitude of the first harmonic w (= 
A,,) as a small expansion parameter. While any 
selection of other small parameters may be possi- 
ble, the physical meaning is clear in this case 
(18,311. The bifurcation parameter I can be ex- 
panded as 

I=Zc+pb,W2-b2W2+ --.) @l) 

where p is the sign factor with + 1 the supercriti- 
cal and - 1 the subcritical. The coefficients b, and 
b, are determined from the stationary condition of 
the equations obtained for the w3-th and w5-th 
orders, respectively. The expansion of eq. Dl is 
somewhat analogous to bifurcation theory [18]. 
Although bifurcation theory treats only the sta- 
tionary state, the present method can also discuss 
the kinetics. 

When 6An is expanded as the Fourier series of 
eq. 21, A, can be expressed by 

A, = wW(T,, T,, . . . ) 07.1 

and the other coefficients are formally expanded 

w 
Furthermore we must expand Sh as 

Sh = W%, + W%, + ’ - ’ . (W 

Substituting eqs. Dl-D5 into eqs. 20 and 22, 
we obtain eq. 15 for the w-th order. The 
second-order balance equation gives rise to 

w,=o, 

w _ a(&-l)(&-2) 
20 - 

6y2&‘P 
w2 = a,W2, 

h _8-2 
1 --W2, 

YG 

where 2 and P are given by 

ti-a/Ica, P= -p+ 
a(& - 1) 

yl? . 

036) 

(D7) 

The solvability condition for the third-order 
balance equation leads to the TDGL equation for 
w: 

a 
=Fw= I 4a - 204 + G w2 

w 
c ] 7 

w (W 

where G, is given by 

_ (Y(ti - l)( Gi2 - 28 + 2) 

2y3s4 
(D9) 

The stationary condition of a/aT, = 0 and W = 1 
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gives 

pb, = - 
Y~G, 

a(cr - 2alJ . @lOI 

The coefficient W., for the third harmonic is 

= a,W3. (D11) 

The fourth-order balance equation produces ex- 
pressions for Wo2, W,, , W,, and h,. Since they 
are very lengthy, we will not show them explicitly 
but proceed further. 

Finally, the solvability condition of the fifth- 
order balance equation gives 

T&W= (;[2ab,Zc-ab,-a(pbl)2] 

+pG,‘W2 - HcW4 (D12) 

where G,’ and H, have the forms of 

G’= +*- 
6aaZ, + 6a2ZC)b,a, 

C 
y2cY2 

u( a - nZ,J3b, - 
2y3a3 

)a 

c 2 

- ( a2 - 6aaZ, + 6a2Z,2)], 

and 

H,= c@- 1) 2(&--)a$ 
‘ 

y%3 [ YB 

-(&-2)(a,a,+a^,) 

4( 2 - 2)( z2 - 3& + + 3)a, 

3y2C2 

_ (6’ - 6; + 6)a, 

2y& 

_ (2~?‘- 9c? + 2M2 - 24& + 12) 

6y%S3 

+ 2( & - 2)a,G, 1 3P ’ 

(D13a) 

(D13b) 

with 

For 3/3T, = 0 and W = 1, we obtain 

- y2a2 G2 

a(a - 2aZJ3 c * 

If we introduce r, G and H by 

(Dl4) 

CD151 

+ a[2ob21,-ab,-a(l”b,)*] 4 

Yff 
w, 

G = G, + G&w’, 

H=H,, 0’16) 

we arrive at eq. 28. The summed-up expressions 
for r, G and H are given by eqs. 29. 

We can easily check that eq. Dl with eqs. D9 
and D15 becomes the same as the stationary equa- 
tion of eq. 28. 

While for G, > 0 the bifurcation is of the in- 
verted type, the inequality of G, < 0 gives 
normal-type bifurcation, as shown in fig. 17. The 

G, >o 

Fig. 17. Normal-type and inverted-type bifurcations. 
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present model system exhibits interesting behav- 
ior: The type of bifurcation changes according to 
the size of the reservoir (fig. 18). As the reservoir 
becomes smaller, the bifurcation tends to become 
inverted. This is presumably related to the en- 
hancement of nonlinearity brought about by the 
decrease in volume where H+ can flow. 

The summed-up expressions for A, and A, are 

+ (c~,‘la)~ - 6( a/la) + 6 A:, 

CD171 
with U and F defined by 

(D18) 

Fig. 18. Phase diagram of normal-type and inverted-type bifur- 
cations on the plane of R” and R r. Parameters are the same as 

those in fig. 12. 

An expression for ci, is omitted here due to the 
tediousness_ 

Appendix E 

To determine the surface H+ concentration, we 
must establish the relation between Snes and Mn 
for each harmonic. From eqs. Cl with eq. B9, Snis 
is related to Snes by 

Near the bifurcation point, we can approximate 

Sn, = canes. PI 

Thus, an,, for the I-th harmonic is given by 6An 
with eq. 19 as 

Snes= $_ 053) 
I 

with d, being given by eq. 32. The surface H+ 
concentration is obtained by summing up each 
harmonic. The result corresponds to eq. 31. 

The relaxation time T r for the rise of a pattern 
can be estimated by linearizing the TDGL equa- 
tion, eq. 28, around the homogeneous state. Let f 
be the small variance, then eq. 2X becomes 

T$ f - rf. 0541 

In this equation, 7 t is given by eq. 34a. 
As for the relaxation time T 1, we estimate the 

kinetics from the patterned to the homogeneous 
state as those around the patterned state chosen 
under the initial condition. This is because the 
present TDGL equation cannot apply to a situa- 
tion far from the bifurcation point. Furthermore, 
the results shown in fig. 10b may be considered as 
reflecting the stability of a patterned state chosen 
at the initial time. Thus, the above estimate be- 
comes only qualitative but is a good tentative 
explanation of the relaxation time. 

Substituting A, = A,, +f into eq. 28, we obtain 

@5) 
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The relaxation time T* for f can be easily ob- 
tained as 

r* = T/2\lG2 + 4HTA;,. 035) 

For smaller values of r*, the patterned state is 
rather stable because the system recovers rapidly 
to the initial patterned state even after a dis- 
turbance. When the light intensity is decreased to 
I’, the driving force to shift the system to a 
homogeneous state may be roughly estimated as 
Z, - I’. Relaxation to the homogeneous state can 
be considered as fast for the weakly stable initial 
patterned state under a strong driving force. 
Therefore, the relaxation time r J. is inversely 
proportional to T* and Z, - I’, as given by eq. 
34b. 
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